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Abstract

A boundary element method (BEM) for the analysis of the semipermeable crack is devel-
oped using the numerical Green’s function approach. The extended crack opening displacement
(COD) of a straight crack is represented by the continuous distribution of extended dislocation
dipoles, with the built-in \/r COD behavior, which is integrated analytically to give the whole
crack singular element (WCSE) equipped with the \/r COD and the 1/4/r crack tip extended
stress singularity. Linear BEM solvers for the impermeable and permeable cracks are developed
first and then an iterative procedure to reach the semipermeable solution using the impermeable
and permeable solvers is proposed. The convergence study is performed for the single cracks in
the infinite and finite bodies with associated numerical results for the extended stress intensity
factors (SIFs) and other variables. The proposed numerical Green’s function approach does
not require the post-processing for the accurate determination of the extended stress intensity
factors and is ideally suited for the proposed nonlinear iteration scheme for the semipermeable

cracks.
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1. Introduction

The electric boundary condition (BC) on the piezoelectric crack surface comes in different degrees

of shielding the electric induction defined by the electric permeability. The permeable crack along



the zi-axis given by the BC,
Df =D;; &7 -& =0, (1)

does not shield the electric induction at all, where Dy and ® are the electric induction and the elec-
tric potential, respectively, with + indicating the upper and lower crack surfaces. The impermeable
crack with the BC,

D3 =Dy =0, (2)

shields the electric induction completely. If the crack is closed, then the permeable BC is cor-
rect, while the impermeable BC is correct if the permittivity €. of the crack medium is zero.
Since there is no medium with zero permittivity (the vacuum has the least permittivity €44 =
8.854 x 10~'2C'/V'm), the two boundary conditions are not correct for opened cracks. Narita et
al. [1] reports that results predicted by the permeable BC are in much better agreement with
the experimental results than those by the impermeable BC. If the crack opening displacement is
extremely small, as in the typical piezoceramic specimens, the permeable BC may provide a good

approximation despite its inconsistency. The semipermeable BC,
Dy =Dy; Df(ug —uy)=—e(®" —@7), (3)

proposed by Hao and Shen [2] gives the consistent BC for opened cracks. Recall that the semiperme-
able BC is reduced to the impermeable BC when ¢, = 0 and to the permeable BC when uj —u, =0
and that the impermeable and permeable BCs set the bounds for the semipermeable BC. Due to
the convenience to obtain the analytical solution, the majority of the earlier works adopted the
impermeable BC ([3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20],
[21], [22], [23] ) and the permeable BC ([24], [25], [26], [27], [28], [1]). The progress toward the
consistent semipermeable BC was made gradually but slowly ([2], [29], [30], [31], [32], [33], [34],
[35],[36],[37],[38]). Zhang et al. [39], [36] considered the crack to be the limit of an elliptical hole
to derive three BCs described above and clearly identified the relations among them.

This paper adopts the the numerical Green’s function approach, developed by Denda and Man-
sukh [40], based on the whole crack singular element (WCSE) for the general piezoelectric solids
in two-dimensions for impermeable and permeable BCs. The extended crack opening displacement
(COD) of the straight crack is represented by the continuous distribution of extended dislocation
dipoles, with the embedded /r COD behavior, which is integrated analytically to give the /r
COD and the 1/4/r crack tip extended stress singularity. While the FEM needs to model the entire

domain surrounding a crack, the BEM using the WCSE only needs a single line to model the crack.



In addition, the proposed numerical Green’s function approach does not require the post-processing
for the accurate determination of the extended stress intensity factors (SIFs). It makes more sense
to use the BEM for crack problem.

While the solutions of the permeable and the impermeable cracks are linear, that of the semiper-
meable crack is nonlinear. Since the distribution of the electric induction on the crack surface, which
is needed to determine the crack opening displacement and the electric potential jump across the
crack, is unknown we need an iteration process to determine all unknowns. This is inherently a
nonlinear process even though each step consists of the linear solver. We propose an iteration
scheme to achieve the semipermeable BC using the linear solution procedure by the boundary el-
ement method (BEM) developed for permeable and impermeable cracks. The convergence of the
iteration is studied for various single crack configurations and the extended stress intensity results

are reported.

2. Basic Equations for Piezoelectricity

2.1. Piezoelectric equations in 3-D

For the piezoelectric solids strain (e;;) and electric (E;) fields in three-dimensions are related to the

stress (o) and electric induction (Dy) fields by the equations,

€j = SijkiOk + Gkij Dk,

E; = —ginow + BiDrx, (4)

where s;;11, i1, Bir are the elastic compliance, piezoelectric, and dielectric impermeability con-

stants, respectively. Introduce the extended strain and stress,

<é€i05> [=i=1,2,3
< 5[j,2]j >= R ( ) s (5>
< E;,D; > (I =4)

for 7 = 1,2,3 and the extended compliance constants,

Sijki =




to give the concise extended strain and stress relations,
E1; = SrjkiX ki, (7)

replacing (4). The lower and upper case Roman indices range from 1 to 3 and 1 to 4, respectively.
The repeated index is summed over its respective range unless mentioned otherwise. The extended

displacement, point force, and traction are defined by

< U, fi, ti > I=i=1,2,3
< U, F, T >= o Jiots ( ) : (8)
<y —pe,—we > (I =4)

where u; and ¢ are the displacement and electric potential, f; and p, are the body force and charge
density components, and t; and w, are the traction and surface charge density components.
The extended equilibrium equations, consisting of the force equilibrium equations and the

Gauss’s law, are given by

X155+ Fr =0, (9)

where a comma followed by a subscript j indicates the differentiation by the coordinate ;. The

extended strain is given by

1 .
s(U;; +Uj; I=i=1,2,3
e, | HWa U ) o
=Ur; (I=4)
for 7 = 1,2,3 and the extended traction by
T] = E[jnj, (11)

where n; is the unit normal component of the surface element.

2.2. Piezoelectric Equations in 2-D

In the plane piezoelectricity problem the extended displacement components depend only on two
coordinates x1 and xzo. The pair of suffices ij, appearing in the stress, strain and compliance
components, are replaced by a single suffix M according to the convention (11 — 1), (22 — 2),
(33 — 3), (23 —4), (31 — 5,) (12 — 6). Note that the suffices for the electric and electric induction
fields and the corresponding indices for the piezoelectric and dielectric impermeability constants

are not reduced. The strain components are given by

el =u1, ey = u22, e4 = u32, es = u31, €6 = U1 + U2, (12)



and the electric field components by

Ey=—¢, Ey=—¢ps. (13)

The compatibility equations are given by

€211 +e122 —eg12 = 0, €41 —e52 =0, (14)

Ez’l—ELQ = 0.

Since e3 = E3 = 0 the stress and electric induction components o3 and D3 can be eliminated

from (4) to give the reduced extended strain and stress relations

em = Smn on + Gam Da,

E, = —Guon onx + Bay Do, (15)

in terms of the reduced elastic compliance Sz, piezoelectric constants G and dielectric imper-
meability constants B,g (Denda and Mansukh [40]). The Greek index ranges from 1 to 2 and the
comma followed by a subscript « indicates differentiation by z,.

In the extended Stroh formalism for 2D piezoelectricity the extended displacement Uj, stress

function ¥y, and the stress components X, are given in the form

4 4
Ur = 2R{>_ Awrfs(z0)},  Wr=2R{D_ Lisfi(z1)}
J=1 J=1

S = @—zw{iL f(z)
12 O = 1JJg\~J ),
ov .
Yn = _875 = —2R{>_ nsL1sf)(2), 16)

J=1

where the symbols & and & indicate the real and imaginary parts of a complex number and Ay;
and Lyy are 4 x 4 complex valued matrix and 7y (J = 1,...,4 with J(ns) > 0) are the roots of
the eighth order characteristic polynomial originating from the compatibility equation (14). The
characteristic roots are assumed to be distinct and the degenerate cases of coincident roots can
be treated by slightly perturbing the material constants to make all roots distinct. The functions
fr(zy) (J =1,...,4) are analytic functions of the generalized complex variables z; = x1 + njx2
(J =1,...,4) and f7(z5) = dfs(z5)/dzy. The details on the characteristic equations and the

matrices Lry and Ay can be found in Denda and Mansukh [40].



3. Direct formulation of the Piezoelectric BEM

The basis of the direct formulation of the boundary element method for piezoelectricity is the

extended Somigliana’s identity,

Uk(x) = [ Ti)Griclyx)dily) — | Ury)Hi(y-xiv)di(y). a7)
0A 0A

where Grx (x) is the fundamental solution with the physical interpretations:

G, (x): elastic displacement in the x;-direction at x due to a line force in the xg-direction at the

origin;
Gis(x): elastic displacement in the z;-direction at x due to a line charge at the origin;
G4 (x): electric potential at x due to a line force in the xg-direction at the origin; and
G44(x): electric potential at x due to a line charge at the origin.

The kernel Hri(y-x;v) is the Ith component of the extended traction at y corresponding to the

extended line force in the zg-direction at x and given by

Hir (y-%;V) = 0a(Y) EarpsG pi,s(y-X), (18)

where v, (y) is the unit normal component on the boundary 0A.

According to the physical interpretation of the extended Somigliana’s identity (Denda and Man-
sukh [40]), the extended displacement field in a domain A can be represented by continuous dis-
tributions of the extended line forces (77) and dislocation dipoles (Ur) along the contour 0A in an
infinite body that coincides with the boundary of the domain, where 77 and U are the magnitudes
of the extended traction and displacement on the boundary. This physical interpretation gives the

extended Somigliana’s identity in an alternative form

Uk(x) = [ Guilxey) i) + | Hici(xeyiv)* Uiy)diy). (19
0A 0A

where Hgr(x-y;v)* di(y) = —Hrx (y-x;v) dl(y) is the extended displacement in the x g-direction
at x due to the extended dislocation dipole at y with the unit discontinuity in the xj-direction,
which occurs along the segment di(y) whose unit normal is v,(y). The kernel functions in (19)

are derived readily by the Stroh complex variable formalism. Consider a unit I component of



the extended line force at the point & = y; + iy2; the resulting K component of the extended

displacement G (z) at z = x1 + iz is given by

1
> AxnAn In(zy — &n), (20)
N=1

GK[(Z) =3

3=

where zy = x1 + nyxe and &y = y1 + nyy2. Next consider a unit I component of the extended
dislocation dipole at the point & = y1 + iy along a segment d§ = dy; + idyo of length ds, which is
a segment of the extended displacement discontinuity; the resulting K component of the extended

displacement Hg(z)* ds is given by

Hir(2)" ds = =S (21)

where dén = dy1 + nndys.

In the implementation of the BEM, the whole boundary is approximated by a collection of
straight elements > 1 and the extended displacement and traction on the boundary are approxi-
mated by quadratic interpolation functions.

The extended displacement contribution (U;) from the single boundary element consists of the
extended boundary displacement (UY) and traction (U7) contributions. For the straight element
with the quadratic interpolation, each contribution can be evaluated analytically as given by Denda
and Mansukh [40]. Analytical integration of the boundary integrals provides the simplicity in the
BEM formulation, by removing the concern on the weak and the strong singularities of the boundary

integrals, and improves the accuracy and the speed of the BEM.

4. Numerical Green’s Function by Whole Crack Singular Element

In an infinite body consider a straight crack in the interval (—1,+1) on the horizontal coordinate
axis. Integration of (21) along the crack, where {x = 1 = 7 for all values of N (= 1,2,3,4), will

give the extended displacement

(d) L g ; dn
UJ (1'1,1'2) = %—/ Z Ajn Z LKN(;K('U) . (22)
TJ-1 NO K=1

N —2ZN

Interpolate the extended crack opening displacement (COD) by

M
Sie(n) = 1 =12 > 68U a(n) (23)
m=1



where Up,—1(n) is Chebyshev polynomial of the second kind. This will embed the /r behavior of
the extended COD at the crack tips. The integral (22) with (23) can be evaluated analytically to

give
& M 4 4 m
UL(I (r1,22) = =S Z Z Ajn Z LKN5 R (zn), (24)
m=1N=1 K=1
where
Ron(2x) = <ZN — w2 = 1) (m > 1). (25)
The extended stress function is similarly given by
; M 4 4
W (x1,02) = =33 S Lun 3 Lrndw™ Ron(zn). (26)
m=1N=1 K=1

The extended displacement and the stress functions for the crack with half length a ares still
given by (24) and (26), respectively, if we replace the arguments z, by the normalized arguments
Zo = zo/a. The extended stress components are obtained by substituting the extended stress

function thus obtained into (16) with the result

| M4 4 -
ng])(xh@) = —=S> > Liv )y, LKN(S% ) m G1(Zn),
@ m=1N=1 K=1
4 | M4 4
EgJ)(xl?UW) = =8> > nmlin )y, LKN(5§?L) m Gp—1(Zn), (27)
where ( )
ZN —V(Zn)? =1
G I(Zy) = - > 1 28
) (Zn)*—1 (m 1) (28)

On the crack line we find the extended traction

Ty (X) = +- Z ZLJNZLKNé mUp-1(X) (X[ <1), (29)

m=1N=1
where X = z1/a and the superscripts + and — indicate limits from above and below the horizontal

coordinate axis, respectively. In front of each crack tip at X = +1 we find

M 4 4
K (1) = \/js ST @™ S Ly S Ly m, (30)
m=1 N=1 K=1

which give Mode I (K; = Kbs), Mode II (K;; = Ki), Mode III (Kj;; = K3) and Mode IV
(K1v = K4) extended stress intensity factors. The effect of the unit extended crack opening

displacement component on the extended stress intensity factors is given by the influence coefficients

defined by

4
s
Ky = \/;% > LinLin, (31)

N=1



where K ;7 is Kj due to the unit crack opening displacement component d;.

For each mode m of crack opening displacement defined by (23), equations (24) and (26) give the
influence functions for the extended displacement and stress function components in the sense that
the crack opening displacement and the stress singularity are built in. Given the arbitrary non-zero
value of the crack face extended traction, formula (29) is used to determine the magnitude 5,(€m) of
the influence functions. The linear combination of these influence functions, (23), with numerically

)

determined values of 5,(€m defines the numerical Green’s functions for the problem. These Green’s
functions are more flexible than the traditional analytical Green’s functions since any non-zero
extended traction boundary condition can be incorporated. Once the extended COD is determined
the formula (30) gives the extended SIF's in terms of 5,(;”). There is no need for the post-processing.
The crack element developed here is called the whole crack singular element (WCSE), which serves
as the basis of the numerical Green’s functions that can be extended to multiple cracks in the finite
domain with the introduction of the boundary elements.

For the impermeable crack the crack surface electric induction is zero (i.e., D§ = 0), but this is
nonzero for the permeable and semipermeable cracks. The solution strategies for the impermeable
and permeable cracks are summarized as follows. (1) For the impermeable crack set all four
traction components zero (7f = 0; I = 1,2,3,4) and solve for four components (d7;1 =1,2,3,4) of
the extended COD. (2) For the permeable crack set the three traction components and the electric
potential jump to zero (17 = 0;1 = 1,2,3 and §4 = 0) and solve for the three components of the
COD and the electric induction (67;1 = 1,3 and Tf). Notice that Both (1) and (2) are linear
procedures with four equations for four unknowns at each crack surface point that can be solved
by the BEM. However, the semipermeable crack has five unknowns (07;1 = 1,2,3,4 and Ty) that

require a nonlinear iterative solution procedure introduced later.

5. Upper and Lower Bound Analysis

Wang and Mai [37] and Gruebner et al. [38], in their FEM analysis of the single crack, have shown
that the impermeable and the permeable cracks set the bounds for the semipermeable crack. The
linear BEM solution procedures for these cracks established in this section will be used in the
nonlinear iterative solution procedure for the semipermeable cracks later on. Consider a straight
crack in a finite body subject to the extended boundary displacement {U} and traction {T} vectors.

For the crack define the local coordinate system with its origin at the crack center and the horizontal



axis along the crack and interpolate the extended COD by M Chebyshev polynomials in (23). This
introduces a 4M - dimensional COD vector {6} for the impermeable crack, which is determined by

setting the extended traction at M collocation points on the crack surface to zero as follows:
{T°} = [H*{U} + [G"{T} + [D}{s} = {0}, (32)

where {T°} is 4M - dimensional global extended traction on the impermeable crack and the coef-
ficient matrices [H¢], [G€] and [D€] represent contributions from the extended boundary displace-
ment, traction and COD {¢} of the crack, respectively.

For the permeable crack introduce a new four-dimensional unknown vector 6* = (1, d2, 93, TY)
by replacing the fourth component of the extended COD, 4 = 0, with the unknown crack surface
electric induction, T = —D$ defined on the upper face of the crack with the negative unit normal.
The exchange of d; and T in (32) will produce a new modified system of equations for the new
unknowns §* = (41, 92, 03, T ), which is the routine procedure in the standard BEM in applying the
displacement boundary conditions in elasticity.

An additional system of extended boundary displacement equations needed to solve for the

non-crack extended boundary displacement and traction is given by
{u} = [H{U} + [GH{T} + [DI{d}, (33)

where coefficient matrices [H|, [G] and [D] represent contributions from the extended boundary
displacement, traction and crack. Notice that the extended COD for the permeable crack in (33)
has only three components since §4 = 0.

Although the collocation point on the crack surface can be selected arbitrarily, the best re-
sult is obtained by including the crack tips among the collocation points. Notice that the local
contributions from the crack must be converted to the global components before adding them for
all cracks. For the impermeable cracks, the system of equations, (32) and (33), determines the
extended COD vector {6} and the unknown extended boundary displacement and traction com-
ponents. For the permeable cracks, the modified version of equation (32) involving the modified
unknowns §* = (41, d2, d3, 7)) along with equation (33) should be used. The stress intensity factors
are calculated directly by the formula (30) in terms of 6,(€m) without the additional post-processing.

Numerical results for the upper and lower bounds of the extended stress intensity factors for mul-

tiple crack configurations are reported by Denda and Mansukh [40].
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6. Semipermeable Cracks

6.1. Analytical solution for the semipermeable BC

Consider a single horizontal semipermeable crack in an infinite piezoelectric domain with the re-
mote loading T7° = o5 = (055,055,055, DS°) and the crack surface loading (7§)" = —0§, =
—(0,0,0, DS), where (T§)* = —D5 on the upper crack surface. Using the superposition principle,

the crack surface traction boundary condition is given by
(T1)" = — (075 — 0f), (34)

where the left hand side is given by (29). The final solution is obtained by superposing the solution
of the loaded infinite plain without the crack. For the semipermeable crack the crack surface electric
induction is nonzero (i.e., D§ # 0). Consider the single horizontal crack of length 2a in an infinite
body subject to the boundary condition (34). One can show (Denda and Mansukh [40]) that the

crack opening displacement 07 (I = 1,2,3,4) is given by
61 = Hry (055 — 059) \/a? — 23, (35)
where Hjj is the compliance matrix defined by
Hpy = =29 (AicLidy) (36)

where LI_(IJ is the inverse of L ;. The value of D§ for the semipermeable crack is given, from (3),

by
DE— ¢ H410'f5 + H420'5§ + H430‘§§ + H44(DSO — DS) (37)
2 “Ho10%5 + H2055 + Ho3055 + Hoy(DS® — DS)’

Solving for D§ we get

o S Hoyo$S — ecHyg + \/(Zle Hy 03 — ecHua)? + decHoy 51 Hyyo$

38
; o (38)

when Hyy # 0 and
4
- >og—1Haj055
1 ’
>og—1H25055 — ecHys

when Hgy = 0. In (38) we select the branch that gives the positive crack opening displacement Js.

D§= - (39)

Note that Hsy is the measure of coupling between the crack opening d2 and the electric potential

jump &4 and depends on the material constants.
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6.2. Numerical solution procedure

For the impermeable crack 4 # 0 and T = 0, while for the permeable crack 64 = 0 and Ty # 0.
Knowing that the semipermeable crack solution is somewhere in between the impermeable and
permeable crack solutions, we suggest the following iteration procedure for the semipermeable

single crack:

(0]
4

1. Get the impermeable solution d, ' using the impermeable BEM solver.

2. (a) Set (54[11} = pll (54[10} for a slightly reduced value of (551 given by a control parameter
p= p[l] < 1.0,
]

(b) Calculate, using the permeable BEM solver, the crack opening 5%1 and the electric

induction ng =-T; " pased on the set value 551 of the electric potential.
(1]
(c) Calculate el = —ngz?—l] .
4

3. Repeat STEP 2 for progressively reduced values of ci[f] = plil x 54(10) for the control parameter

p=7p(i=23,4,...) to plot (L[f] - a[ci] curve.

[1]

4. Intersection of the 5£f I 5[; ] curve obtained in STEP 3 and the horizontal line e¢.° = €44 gives

the semipermeable solution 6518'3 ),

For the crack in the infinite body the extended crack opening displacement is given exactly by

one term of the interpolation (i.e., M =1 in (23),

5 () = /1 = 28" Us (), (40)

where Uy = 1. Thus the ratio of d2/d4, used in the iteration, is constant 5§1) / (55;1) over the entire
crack surface. This feature guarantees that the electric induction on the crack surface is also
constant over the surface. During the iteration it is sufficient to sample them at a single point
on the crack, typically at the center. In contrast to this, the interpolation of the extended crack
opening displacement for the crack in the finite body requires multiple polynomial terms U,,—1(n)
as in (23). Consequently the ratio

G XM o U ()
04 %:1 51(1m) Un—1(n)

(41)

is not constant over the crack surface. In calculating the €., we suggest to evaluate it at M discrete

points on the crack and take the average. These sample points coincides with M collocation points

12



used by the permeable solver. In the proposed iteration process, the amplitude of the electric
potential jump is varied gradually from the impermeable to the permeable condition, while its

mode is fixed.

6.3. Material constants and Loading

Material constants we need are the elastic compliance at constant electric induction (sgkl), piezo-
electric strain (gi;;), and dielectric impermeability constants at constant stress (37,.), while only
the elastic stiffness (CiEjkz) at constant electric field, piezoelectric stress (e;x;), and dielectric per-
mittivity constants at constant strain (k) are available in literature [44]. Thus, we use the input
(ciEjkl,eikl,ka) and calculate (sgkl, Gkij, 55;) following Denda and Mansukh [40]. Notice that the
elastic stiffness, the piezoelectric stress and the dielectric permittivity constants are of the order
of 101t (N/m?), 10! (C/m?) and 107° (C/(mV)), respectively, ranging from extremely large to
extremely small. The strain and the electric fields are of the order of 1072 and 107 (V/m), respec-
tively. Their normalization is essential to avoid truncation errors due to the wide variation of the
order of magnitudes. For a typical constant or variable g, select its reference value gy and normal-
ize the former by introducing a non-dimensional quantity § = ¢/qo. The reference values selected
for the stress, strain, electric induction, and the electric fields are og = 10® (N/m?), g = 1073,
Do = 1072 (C/m?), and Ey = 107 (V/m), respectively. The reference values of other quantities
can be determined in terms of these four reference variables in order to keep the normalized gov-
erning equations in exactly the same form as the original equations. For example the reference
values of the extended stress intensity factors are Ko = Ko = Ko = 1013/230(1)/2(N/m3/2) and
Kryo=10""/ Qxé/ 2(C /m?/?), where x9(m) is the characteristic length of the problem. See Table 1
for a list of the reference values, where g (m) is the characteristic length of the problem. In this
paper xg = 1(m) is used.

Let a; (i = 1,2,3) be the material coordinate axes, taken along the crystal lattice directions, in
which the material constants are defined and let x; be the spatial coordinate axes. To see different
material symmetry we rotate the material axes relative to the spacial axes. In the System 12, the
material axes coincide with the spacial axes so that 1 = a1, x2 = a2, x3 = a3. In the System 23, we
have x1 = a9, x2 = a3, x3 = a1. In Systems 12 and 23 the two-dimensional zixo plane is selected
to be ajas and aqasg, respectively. While the input data for System 12 need no modification, those
for System 23 need to be modified following the cyclic transformation of indices. The material

constants for the piezoelectric material, in System 12, used in this paper are for Barium Sodium
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Table 1: Reference values for material constants and field variables in piezoelectricity.

Displacement up = roeg = 107329 (M) Elec. Potential | ¢o = 20Ep = 107z (V)
Stiffness co="7 = 10" (N/m?) Permittivity go = %g =102 (C/(mV))
Compliance 50 = o2 = 1071 (m?/N) || Impermeability | By = g—g =10° (mV/C)
Piezoelectric e = g2 = 10" (N/(mV)) || Piezoelectric go =22 =107 (mV/N)
Stress Constant | = 22 = 10! (C/m?) Strain Constant | = £ =10~ (m?/C)

€0 0

Niobate(BaaNaNbs0Oq5, Orthogonal 2mm):

[ 239, 104, 5.0, 0.0, 0.0, 0.0 |
24.7, 5.2, 0.0, 0.0, 0.0
13.5, 0.0, 0.0, 0.0
[cfr/er] = B ;
6.5, 0.0, 0.0
6.6, 0.0
i 76
0.0, 0.0, 0.0, 0.0, 2.8, 0.0
leig/er] = 0.0, 0.0, 0.0, 3.4, 0.0, 0.0 |,
—0.4, —0.3, 4.3, 0.0, 0.0, 0.0
222.0, 0.0, 0.0
K55/ €] = 227.0, 0.0 (42)
32.0

The uppercase and lowercase Roman indices range from 1 to 6 and 1 to 3, respectively and ¢, =
10 (N/m?), e, = 1.0 (C/m?) and €, = 8.854 x 10712 (farads/m). Only the upper triangular half
of the symmetric matrices are shown.

We consider BSN System 12, BSN System 23. BSN System 12 has the electrical /out-of-plane
mechanical coupling with no in-plane/out-of-plane mechanical and electrical/in-plane mechanical

couplings (Denda and Mansukh [40]). Its influence coefficients, defined by (31), are given by

[ 0.900143, 0.0, 0, 0.0 |
0.0, 0.915084, 0.0, 0.0
(K1) = : (43)
0.0, 0.0, 0.580679, 0.274588
i 0.0, 0.0, 0.274588, —1.7619 |
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which are normalized according to the guideline described earlier. Notice that K71 (or Ks) is the
stress intensity factor Ky (or K1) due to the unit crack opening displacement component ¢; (or d2).
Non-zero off diagonal components K34 and K43 indicate the electrical/out-of-plane mechanical cou-
pling. The coefficient Hyy4, defined 36, is zero (i.e., Hog = 0). BSN System 23 has the electrical /in-
plane mechanical coupling with no in-plane/out-of-plane mechanical and electrical/out-of-plane

mechanical couplings (Denda and Mansukh [40]) with the influence coefficients given by

[ 0.884093, 0.0, 0, 0.0 |
0.0, 0.637451, 0.0, 0.211767
(K1) = (44)
0.0, 0.0, 0.6276599, 0.0
i 0.0, 0.211767, 0.0, —.811889

and H24 75 0.

6.4. Numerical results

The proposed algorithm was applied to a single horizontal crack (half crack length @ = 1) in the
infinite BSN System 12, which has the electrical/out-of-plane mechanical coupling with no in-
plane/out-of-plane mechanical and electrical/in-plane mechanical couplings. The remote loading
components considered are 555 = 055 /09 = 1 (tension) and D$° = DS°/Dg = 1 (electric induction),
where og = 108(N/m?) and Dy = 1072C/m?. The remote loading is selected to produce both o
(opening) and d4 (potential jump) at the same time. Due to the absence of the electrical/in-plane
mechanical couplings, the load 755 does not produce 4 for the impermeable crack. Under this
loading both the impermeable and permeable boundary conditions produce zero potential, and
consequently, zero electric induction in the opened crack. This is perfectly consistent in the air
filling the crack since, even though the permittivity of the air is not zero, the zero electric potential
makes the electric and the electric induction fields zero in the air. In order to produce non-zero
84, it is necessary to apply the additional loading, D$°. Similarly, the solo application of the load
D5° produces only d4, but not d3. Although the impermeable and permeable boundary conditions
produce different electric induction on the crack faces, both solutions are consistent and there is
no need to come up with the semipermeable boundary condition. The numerical analysis was
performed entirely in terms of the normalized quantities and all numerical results are normalized.
The iteration was performed 1000 times by decreasing the parameter p evenly. Figure 1 (a) shows
the variation of €. as the function of the control parameter p. The intersection of this curve with the

horizontal line &, = 8.854 occurs at pt™P) = (0.189292. Figures 1 (b) and (c) show variation of Ky,
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DS, respectively. They vary linearly between the impermeable and permeable conditions such that
the semipermeable quantities are given by K; (Smp ) = plsmp) K}lmp ) and D; clsmp) _ =(1- p(smp))Dg(p er),
where K}?}m ) = V7 and Dj ) — 1. The value of D; csmp) _ (.810708 agrees perfectly with the
theoretical value D4(Smp) = 0.810709 given by (39) for Hey = 0. Note that, as shown in Figure 1
(d), Ky is very small, but not zero. Although not shown, K; and &2 remain constant throughout
the iteration and Ky is zero. Figures 2 (a) and (b) show the variation of (a) d4 and (b) D§ along
the crack for impermeable, semipermeable and permeable cracks, respectively.

Consider a single horizontal crack (half crack length @ = 1) in the infinite BSN System 23,
which has the electrical/in-plane mechanical coupling with no in-plane/out-of-plane mechanical and
electrical /out-of-plane mechanical couplings. The only remote loading component applied is 655 =
055 /00 = 1 (tension), which produces both d2 (opening) and d4 (potential jump) at the same time.
Figure 3 (a) shows the variation of €. as the function of the control parameter p. The intersection
of this curve with the horizontal line &, = 8.854 occurs at p(5™P) = (.133934. Figures 3 (b) and
(c) show variation of Ky, D§, respectively. They vary linearly between the impermeable and
permeable conditions such that the semipermeable quantities are given by K}f/mp ) = p(smp)[—{%v/np )
and Dg(smp) = (1 - ptmP)D C(per), where K(Zmp) /7 and Dc(per) 1. The value of Dg(smp) =
—0.287713 agrees perfectly with the theoretical value Dj clsmp) _ _.287715 given by (38) for Hoy #
0. Note that, as shown in Figure 3 (d), K; varies linearly between impermeable and permeable
cracks, in contrast to the BSN System 12 considered above for which K remains constant. Figures
4 (a) and (b) show the variation of (a) 44 and (b) 02 along the crack for impermeable, semipermeable
and permeable cracks, respectively. Although not shown, D§ for each of the three cracks is constant
along the crack.

Consider a crack (@ = 1) in a finite BSN System 12 body (H = W = 4) under the unit
normalized tension and electric induction, &2 = 1 (tension) and Ds = 1 (electric induction),
as shown in Figure 5. The iteration has been applied to this crack using M = 7 terms in the
interpolation (23) and the average value was used to calculate €. Figure 6 shows the relative error
in the €. over the crack surface for the semipermeable solution. This figure confirms that the ratio
(41) is indeed not constant over the crack. Although the proposed algorithm is not perfect, the €.
obtained by the proposed algorithm does not deviate more than 2 % from the required constant
value €, and good enough for the most of practical purposes. The semipermeable quantities are
given by K\ = 0.441798 and D™ = 0.779552 using p(*™P) = 0.220448, K'\"™) = 200409

and D2(p ) = 1. Figures 7 (a) and (b) show the electric potential jump and electric induction
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field variations over the crack. Notice that, in the proposed iteration process, the amplitude of the
electric potential jump is varied gradually from the impermeable to the permeable condition, while
its mode is fixed. The constant electric induction value over the crack of the semipermeable crack,
as shown in Figure 7 (b) is the consequent of this. The error in the €., shown in Figure 6, indicates
that the mode of the electric potential jump for the semipermeable crack is not the same as that
for the impermeable crack and that the electric induction field may not be constant. The further

modification of the proposed iteration needs to take into this mode change into consideration.

7. Concluding Remarks

A boundary element method (BEM) for the analysis of the semipermeable crack is developed
using the numerical Green’s function approach. The linear BEM solvers for the impermeable and
permeable cracks are developed first and then an iterative procedure to reach the semipermeable
solution using the impermeable and permeable solvers is proposed. Each step in the iteration
requires the solution of the crack problem with a nonzero value of the electric induction in the
crack. In the crack Green’s function approach, the extended crack opening displacement (COD) of
a straight crack is represented by the continuous distribution of extended dislocation dipoles, with
the built-in v/r COD behavior, which is integrated analytically to give the whole crack singular
element (WCSE) equipped with the \/r COD and the 1/4/r crack tip extended stress singularity.
In this approach the post-processing for the accurate determination of the extended stress intensity
factors (SIFs) is not needed and is ideally suited for the proposed nonlinear iteration scheme for
the semipermeable cracks. The analysis was performed for the single crack in the infinite and finite
bodies successfully. The agreement with the analytical solution for the crack in the infinite body
is perfect, while the solution for the crack in the finite body has a small but acceptable error.
The proposed iteration scheme can further be improved. Currently the parameter p is varied
continuously from p = 1 (impermeable) to p = 0 (permeable). The method of bisection can replace
this continuous tracking scheme, in which we divide the parameter interval into two and select the
one that contains the semipermeable solution. The semipermeable solution obtained by the current
scheme, whether by the continuous tracking or bisection, is very close to the exact solution, but it
still contains some error in €.. This is due to the assumption of the fixed mode of electric potential

jump. Improvement of the current algorithm to remove the existing error by allowing the mode
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change of the electric potential is under investigation.
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FIGURE CAPTIONS

1. Variation of (a) &, (b) Ky, (¢) T§ and (d) K7 in the iteration when p is varied from 1
to 0 for BSN System 12 under 555 = 1 (tension) and DS® = 1 (electric induction).

2. Variation of (a) &4 and (b) T§ along the crack for impermeable, semipermeable and per-

meable cracks for BSN System 12 under 555 = 1 (tension) and D$° = 1 (electric induction).

3. Variation of (a) &, (b) Ky, (¢c) DS and (d) K in the iteration when p is varied from 1 to
0 for BSN System 23 under 755 = 1 (tension).

4. Variation of (a) d4 and (b) 65 along the crack for impermeable, semipermeable and per-

meable cracks for BSN System 23 under 555 = 1 (tension).
5. A center crack in a finite body under uniaxial tension and electric induction.

6. Relative error in €. over the semipermeable crack surface for a crack in a finite body (Figure

5)under uniaxial tension and electric induction.

7. Variation of (a) d4 and (b) D§ over impermeable, semipermeable and permeable conditions

for a crack in a finite body (Figure 5)under uniaxial tension and electric induction.
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Figure 2: Variation of (a) 6, and (b) D§ along the crack for impermeable, semipermeable and

permeable cracks for BSN System 12 under 555 = 1 (tension) and DS° = 1 (electric induction).
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Figure 3: Variation of (a) &, (b) Ky, (c) D§ and (d) K in the iteration when p is varied from 1

to 0 for BSN System 23 under 695 = 1 (tension).
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Figure 4: Variation of (a) d4 and (b) &5 along the crack for impermeable, semipermeable and

permeable cracks for BSN System 23 under 695 = 1 (tension).
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Figure 5: A center crack in a finite body under uniaxial tension and electric induction.
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Figure 6: Relative error in €, over the semipermeable crack surface for a crack in a finite body

(Figure 5)under uniaxial tension and electric induction.
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Figure 7: Variation of (a) 64 and (b) D§ over impermeable, semipermeable and permeable conditions

for a crack in a finite body (Figure 5)under uniaxial tension and electric induction.
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